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Abstract In this paper we prove some results towards classifying Smarandache groupoids 


which are in Z*(n) and not in Z(n) when n is even and n is odd. 
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81. Introduction and preliminaries 


In [3] and [4], W. B. Kandasamy defined new classes of Smarandache groupoids using Z,,. 
In this paper we prove some theorems for construction of Smarandache groupoids according as 
n is even or odd. 

Definition 1.1. A non-empty set of elements G is said to form a groupoid if in G is 
defined a binary operation called the product denoted by * such that a*beEG,Va,beEG. 

Definition 1.2. Let S be a non-empty set. S' is said to be a semigroup if on S is defined 
a binary operation * such that 

(i) for all a, b € S we have a*b € S (closure). 

(ii) for all a, b, c€ S we have a x (b* c) = (a * b) * c (associative law). 
(S, *) is a semi-group. 

Definition 1.3. A Smarandache groupoid G is a groupoid which has a proper subset 
S Cc G which is a semi-group under the operation of G. 

Example 1.1. Let (G, *) be a groupoid on the set of integer modulo 6, given by the 
following table. 


a}lmlwlm]lelo 
a}lpmflwlmo}le}lolo 
Cle lel] Rl wlafte 
ol mflwlmo}le}lo}]prw 
Cle lel] Rl wl]lalw 
al mflwlmoflelo}] wz 
Cle lel] Rl wlata 
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Here, {0,5}, {1,3}, {2,4} are proper subsets of G which are semigroups under *. 

Definition 1.4. Let Z, = {0,1,2,---,n—1},n > 3. For a,b © Z,\{0} define a binary 
operation * on Z, as: ax b = ta+ ub (mod n) where t,u are 2 distinct elements in Z,,\{0} and 
(t,u) =1. Here “+” is the usual addition of two integers and “ta” mean the product of the 
two integers t and a. 

Elements of Z,, form a groupiod with respect to the binary operation. We denote these 
groupoids by {Z,,(t,u),*} or Z(t, u) for fixed integer n and varying t,u € Z,\{0} such that 
(t,u) = 1. Thus we define a collection of groupoids Z(n) as follows 


Z(n) = {Zp(t, u), *| for integers t,u € Z,\{0} such that (t,u) = 1}. 


Definition 1.5. Let Z, = {0,1,2,---,n—1},n > 3. For a, b € Z,\{0}, define a binary 
operation * on Z, as: a* b= ta+ub (mod n) where t, u are two distinct elements in Z,,\{0} 
and ¢ and wu need not always be relatively prime but t 4 u. Here “+” is usual addition of two 
integers and “ta” means the product of two integers t and a. 

For fixed integer n and varying t,u € Z,\{0} s.t t 4 u we get a collection of groupoids 
Z*(n) as: Z*(n) = {Zn (t, u), *| for integers t,u € Z,\{0} such that t £ u}. 

Remarks 1.1. (i) Clearly, Z(n) C Z*(n). 

(ii) Z*(n)\Z(n) = ® for n = p+ 1 for prime p = 2, 3. 

(iii) Z*(n)\Z(n) # ® for n 4 p+ 1 for prime p. 

We are interested in Smarandache Groupoids which are in Z*(n) and not in Z(n) ie., 


Z*(n)\Z(n). 


§2. Smarandache groupoids when n is even 


Theorem 2.1. Let Z,(t,lt) € Z*(n)\Z(n). If n is even, n > 4 and for each t = 
2,3,---,5 —land/=2,3,4,--- such that It <n, then Z,,(t,/t) is Smarandache groupoid. 
Proof. Let x = 3. 
Case 1. ¢ is even. 
“xxx =at+ltx = (1+ 1)tx =0 mod n. 
z*0=at=0modn. 
0x2 =lxt =0modn. 
0*0 =0 mod n. 
“. {0, x} is semigroup in Z,(t, It). 
“. Zn(t, lt) is Smarandache groupoid when t is even. 


Case 2. t is odd. 


(a) If 7 is even. 
exx=at+lty = (1+1)te =a mod n. 
{x} is semigroup in Z,,(t, /t). 
“. Zn(t, lt) is Smarandache groupoid when ¢ is odd and I is even. 
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(b) If J is odd then (1 + 1) is even. 
cxe=at+ltxe = (1+1)te =0 mod n. 
e*0=at=z2z mod n. 
Oxx=ltx =x modn. 
0*0=0 mod n. 
=> {0,2} is semigroup in Z,,(t, It). 
“. Zn(t, lt) is Smarandache groupoid when ¢ is odd and 1 is odd. 


Theorem 2.2. Let Z,(t,u) € Z*(n)\Z(n), n is even n > 4 where (t,u) =r andr Ft,u 
then Z,,(t,u) is Smarandache groupoid. 

Proof. Let x = 3. 
Case 1. Let r be even i.e t and wu are even. 

uxu=txe+ur = (t+u)e =0 mod n. 

0x2 = ur =0 mod n. 

x*0=tx =0 mod n. 

0*0 =0 mod n. 

{0,x} is semigroup in Z,,(t, It). 


“. Zn(t, lt) is Smarandache groupoid when t is even and w is even. 


Case 2. Let r be odd. 


(a) when t is odd and u is odd, 
=>t-+u is even. 
cxe=txe+ur = (t+u)c =0 mod n. 
e*Q0=tx =z mod n. 
O*xx = ur = 2 mod n. 
0*0=0 mod n. 
{0, x} is a semigroup in Z,,(t, u). 
“. Zn(t, u) is Smarandache groupoid when ¢ is odd and uw is odd. 


(b) when ¢ is odd and u is even, 
=> t+ wis odd. 
exu=te+unr=(t+uje=2modn. 
{x} is a semigroup in Z,,(t, u). 
.. Zn(t, u) is Smarandache groupoid when t is odd and uw is even. 


(c) when ¢ is even and u is odd, 
=> t+ u is odd. 
cxe=te+ur=(t+uje =x modn. 
{x} is a semigroup in Z,,(t, uw). 
.. Zn(t, u) is Smarandache groupoid when t is even and uw is odd. 


By the above two theorems we can determine Smarandache groupoids in Z*(n)\Z(n) when 
n is even and n > 4. 
We find Smarandache groupoids in Z*(n)\Z(n) for n = 22 by Theorem 2.1. 
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No. 


t 1 | lt<22) Z,(t,lt) Proper subset Smarandache groupoid 
which is semigroup inZ*(n)\Z(n) 
2 4 Zo2(2,4) {0,11} Zo3( 2,4) 
3 6 Z22(2, 6) {0,11} Z22(2,6) 
4 8 Z22(2, 8) {0,11} Z22(2,8) 
2) 5 10 Z22(2, 10) {0,11} Z22(2, 10) 
6 12 Bo(8; 13) {0, 11} Z59(2,.12) 
. 14 Z22(2, 14) {0,11} Z22(2, 14) 
8 16 Z22(2, 16) {0,11} Z22(2, 16) 
9 18 Zo9(2, 18) {0,11} Zo9(2, 18) 
10 20 Z22(2, 20) {0,11} Z22(2, 20) 
2 6 Z22(3, 6) {11} Z22(3, 6) 
3 9 Z9(3, 9) {0,11} Z22(3, 9) 
3 | 4 12 Z29(3, 12) {11} Zo9(3, 12) 
5 15 Z9(3, 15) {0,11} Z29(3, 15) 
6 18 Z29(3, 18) {11} Z22(3, 18) 
7 al Z9(3, 21) {0,11} Z22(3, 21) 
2 8 Z22(4, 8) {0,11} Z22(4, 8) 
4, |.3 12 Zo9(4, 12) {0,11} Zo9(4, 12) 
4 16 Z22(4, 16) {0,11} Z22(4, 16) 
5 20 Z22(4, 20) {0,11} Z22(4, 20) 
2 10 Z9(5, 10) {11} Z22(5, 10) 
5: | 3 15 Zo9(5, 15) {0,11} Z22(5, 15) 
4 20 Zo9(5, 20) {11} Z22(5, 20) 
2 12 Z22(6, 12) {0, 11} Z22(6, 12) 
6-| 3 18 Z22(6, 18) {0,11} Z22(6, 18) 
2 14 Z22(7, 14) {11} 229(7, 14) 
aes: 21 Z09(7, 21) {0,11} 222(7, 21) 
8 | 2 16 Z9(8, 16) {0,11} Z9(8, 16) 
9 | 2 18 Z22(9, 18) {11} Z22(9, 18) 
10 | 2 20 Z22(10, 20) {0,11} Z29(10, 20) 


Next, we find Smarandache groupoids in Z*(n)\Z(n) for n = 22 by Theorem 2.2. 
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t | u|(tuy=r|] Z,(t,u) Proper subset Smarandache groupoid 
rA#t,u which is semigroup inZ*(n)\Z(n) 
6 | (4,6)=2 | Zo9(4,6) {0,11} Z9(4, 6) 
4 |} 10] (4,10=2 | Zo2(4,10) {0,11} Z22(4, 10) 
14 | (4,14)=2 | Zo2(4,14) {0,11} Z2(4, 14) 
18 | (4,18)=2 | Zo2(4,18) {0,11} Z22(4, 18) 
8 | (6,8)=2 Z22(6, 8) {0,11} Z22(6,8) 
9 | (6,9)=3 | 422(6,9) {11} Z22(6, 9) 
10 | (6,10)=2 | Z0(6, 10) {0,11} Zo9(6, 10) 
6 | 14] (6,14)=2 | Zoo(6, 14) {0,11} Z22(6, 14) 
16) (6,16)=2 | Z52(6,16) {0,11} Z22(6, 16) 
20 | (6,20)=2 | Z22(6, 20) {0,11} Z22(6, 20) 
21) (6,21)=3 | Z0(6,21) {11} 716,31) 
10 | (8,10)=2 | Zy2(8,10) {0,11} Z22(8, 10) 
12 | (8,12)=4 | Zy9(8,12) {0,11} Boi 8, 19) 
8 | 14 | (8,14)=2 | Zoo(8, 14) {0,11} Z22(8, 14) 
18) (8,18)=2 | Z2(8,18) {0,11} Z22(8, 18) 
20 | (8,20)=4 | Zo2(8, 20) {0,11} Z22(8, 20) 
9 | 21 | (9,21)=3 | Zoo(9,21) {0,11} Z22(9, 21) 


Fah 0,12 {0,11} Fsa( 10,12 


Zo2(10, 14 {0, 11} Zo2(10, 14 


10 | 16 Zoo(10, 16 {0, 11} Zo2(10, 16 


Z2(10, 18 {0, 11} Z2(10, 19 


Z2(12, 14 {0,11} Z2(12, 14 


Zo9(12, 15 {ii} Bess An 


12 | 16 Zo9(12, 16 {0,11} Zs? 16 


Zoo(12,18 {0, 11} 519,18 


Zo2(12, 20 {0,11} F519, 20 


292(14, 16 {0,11} Z22(14, 16 


292(14, 18 {0,11} 292(14, 18 


14 | 20 222(14, 20 {0,11} Z22(14, 20 


Zi( 14,21 {ia} Zo9(14, 21 


15 | 20 Zo9(15, 20 {11} Zo9(15, 20 


222(16, 18 {0,11} 222(16, 18 


16 | 20 Z22(16, 20 {0,11} Z22(16, 20 


18 | 20 


)=2 ( ) ( ) 
)=2 ( ) ( ) 
)=2 ( ) ( ) 
)=2 ( ) ( ) 
)=2 ( ) ( ) 
)=3 ( ) ( ) 
j=4 ( ) ( ) 
)=6 ( ) ( ) 
)=4 ( ) ( ) 
12,21)=3 | Zo2(12, 21) fit} Zo9(12, 21) 
)=2 ( ) ( ) 
)=2 ( ) ( ) 
)=2 ( ) ( ) 
)=7 ( ) ( ) 
)=5 ( ) ( ) 
)=2 ( ) ( ) 
)=4 ( ) ( ) 
)=2 (18, 20) ( ) 


75189 {0, 11} Z9(18, 20 
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§3. Smarandache groupoids when n is odd 


Theorem 3.1. Let Z,(t,u) € Z*(n)\Z(n). If n is odd, n > 4 and for each t = 2,--- 


and u =n — (t—1) such that (t,u) =r then Z,(t,u) is Smarandache groupoid. 
Proof. Let x € {0,--- ,n— 1}. 


“exec =at+au=(n4+1)e=2modn. 


.. {x} is semigroup in Z,. 
“. Z(t, u) is Smarandanche groupoid. 


By the above theorem we can determine the Smarandache groupoids in Z*(n)\Z(n) when 


n is odd and n > 4. 


Also we note that all {a} where x € {0,--- ,n—1} are proper subsets which are semigroups 


in Z,(t, u). 


Let us consider the examples when n is odd. We will find the Smarandache groupoids in 


Z*(n)\Z(n) by Theorem 3.1. 


n|t|u=n—(t—1) | (t,u) =r | Z,(t,u) Smarandache groupoid 
(S.G.) in Z*(n)\Z(n) 

5 | 2 4 (2,4) =2 Z5(2,4) is §.G. in Z*(5)\Z(5) 

7 | 2 6 (2,6) =3 Z7(2,6) is §.G. in Z*(7)\Z(7) 

9 | 2 8 (2,8) =2 Z9(2,8) is S.G. in Z*(9)\Z(9) 
4 6 (4,6) =2 Zo(4,6) is $.G. in Z*(9)\Z(9) 
2 10 (2,10) =2 | Z1(2,10) is $.G. in Z*(11)\Z(11) 

11 | 3 9 (3,9)=3 | Z11(3,9) is S.G. in Z*(11)\Z(11) 
4 8 (4,8)=4 | Z11(4,8) is S.G. in Z*(11)\Z(11) 
2 12 (2,12) =2] Z43(2,12) is S.G. in Z*(13)\Z(13) 

13 | 4 10 (4,10) =2 | Z43(4,10) is S.G. in Z*(13)\Z(13) 
6 8 (6,8) =2 Z13(6,8) is S.G. in Z*(13)\Z (13) 
2 14 (2,14) =2 | Z15(2,14) is $.G. in Z*(15)\Z(15) 

15 | 4 12 (4,12) =4 | Z,5(4,12) is $.G. in Z*(15)\Z(15) 
6 10 (6,10) = Z15(6, 10) is S.G. in Z*(15)\Z(15) 
2 16 (2,16) =2 | Z,7(2,16) is $.G. in Z*(17)\Z(17) 
3 15 (3,15) =3 | Z17(3,15) is $.G. in Z*(17)\Z(17) 

17 | 4 14 (4,14) =2 | Z17(4,14) is $.G. in Z*(17)\Z(17) 
6 12 (6,12) =6 | Z17(6,12) is $.G. in Z*(17)\Z(17) 
8 10 (8,10) = Z17(8, 10) is $.G. in Z*(17)\Z(17) 
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n|t |u=n-—(t—1)| (t,u) =r | Z,(t,u) Smarandache groupoid 
(S.G.) in Z*(n)\Z(n) 

2 18 (2,18) =2 | Z49(2,18) is S.G. in Z*(19)\Z(19) 
4 16 (4,16) =4 | Z9(4,16) is S.G. in Z*(19)\Z(19) 

19 | 5 15 (5,15)=5 | Zy9(5,15) is S.G. in Z*(19)\Z(19) 
6 14 (6,14) =2 | Z9(6,14) is S.G. in Z*(19)\Z(19) 
8 12 (8,12)=4 | Z49(8,12) is S.G. in Z*(19)\Z(19) 
2 20 (2,20) =2 | Zo1(2,20) is $.G. in Z*(21)\Z(21) 
4 18 (4,18) =2 | Zo,(4,18) is S.G. in Z*(21)\Z(21) 

21 | 6 16 (6,16) =2 | Zo1(6,16) is S.G. in Z*(21)\Z(21) 
8 14 (8,14)=2 | Zoi(8,14) is S.G. in Z*(21)\Z(21) 
10 12 (10,12) =2 | Zo1(10, 12) is $.G. in Z*(21)\Z(21) 


Open Problems: 


1. Let n be a composite number. Are all groupoids in Z*(n)\Z(n) Smarandache groupoids? 


2. Which class will have more number of Smarandache groupoids in Z*(n)\Z(n)? 


(a) When n+ 1 is prime. 


(b) When n is prime. 
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